This note contains a complete description of the relation between AB and BA for arbitrary matrices A, B, and certain related results.1 Let L, M be vector spaces over a field k. We shall denote the dimension of L over k by d [L], the space of linear transformations (homomorphisms) of L into M by Horn (L, M), and also write End (L) = Hom (L, L) for the space of all linear tranformations (endomorphisms) on L into itself. If A G Horn (L, M), then the effect of A on a vector xEL will be denoted by xA, the range of A by LA, the null space of A by ^(A), and the nullity of A by v(A) =d['ft(A)].
If A G End (L), B E End (M), we shall say that A and B are similar if there is an isomorphism P on L onto M such that A =PBP~1. This is a very mild generalization of the usual notion of similarity, and it is easy to see that the standard theorems of the similarity theory of matrices are valid with appropriate modifications in their statements. For example, the elementary divisors of A form a complete set of invariants of A under the equivalence relation of similarity.
If A G End (L) and if an element a of k is a characteristic root of A, we shall understand by the geometric multiplicity of a the integer d\$l(al-A)} where I denotes the identity endomorphism. The algebraic multiplicity of a is the number of times a is a root of the characteristic function of A.
Then ^45GEnd (L), iL4GEnd (M). It is known that the nonzero characteristic roots of AB and BA coincide with the same algebraic multiplicities.
A first approximation of our main result is given in the following theorem. Theorem 1. The geometric multiplicities of the nonzero characteristic roots of AB coincide with those of BA.
Let a¿¿0. We must prove that v(al -AB) =v(al -BA).
If xEWal-AB), then (xA)(aI-BA) =x(aI-AB)A =0. Thus We may now assume that C and D are nilpotent. Let L/ = 9c(CJ), Mj=yt(D').
It is not hard to see that our assertion on the w,-and «/ is equivalent to the relations In either case we easily verify that AB = C and BA =D.
The following result6 is due to W. T. Reid. Let A be mXn; B, nXm; N, mXm; NA=0; and N nilpotent. Then AB and AB+N have the same characteristic polynomials. 1. Introduction. By a field of formal power series we shall mean the field K of all formal power series in m variables h, t2, • • • , tm with coefficients in an algebraically closed field of characteristic zero. O. F. G. Schilling has shown that every algebraic extension of finite degree over K is an abelian extension, and the purpose of this note is that of using the result of Schilling to prove the following properties of division algebras over such fields.
Theorem.
A central division algebra D over a formal power series field K in m variables is primary if and only if D is cyclic of prime power degree, and the exponent of D is then its degree. Every central division algebra D over K is then a direct product of cyclic algebras.
2. Properties of the coefficient field. We shall be considering a field K which is maximally complete with respect to a valuation function V, with values in a discrete linearly ordered abelian group of
